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Abstract
We prove that the equilibrium solution of the rational difference equation
xn+1 = a + xnxn−kxn + xn−k , n = 0, 1, 2, . . .
where k is a nonnegative integer, a ≥ 0, and x−k , . . . , x0 > 0, is globally asymptotically stable.
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1. Introduction
In the method of false position or Regula Falsi, a zero of a function f is approximated by an iterative scheme that
can be written in the form
zn+1 = zn−1 f (zn)− zn f (zn−1)f (zn)− f (zn−1) .
If f (x) = x2 − a, a > 0, then the iterative scheme above reduces to
zn+1 =
zn−1(z2n − a)− zn(z2n−1 − a)
(z2n − a)− (z2n−1 − a)
= a + znzn−1
zn + zn−1
which is a special case of the (k + 1)th order rational difference equation:
xn+1 = a + xnxn−kxn + xn−k , n = 0, 1, 2, . . . (1)
where k is a nonnegative integer, a ≥ 0, and x−k, . . . , x0 > 0.
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In this research, we are concerned with the asymptotic stability of the equilibrium solution of Eq. (1). If a = 0,
then one can easily see that xn+1 < xn for all n ≥ 0 and so xn converges, say to L . Since xn+1(xn + xn−k) = xnxn−k ,
we conclude 2L2 = L2 and so L = 0. Hence, from now on, we take a > 0.
The positive equilibrium solution of Eq. (1) is x¯ = √a. Thus, one can scale it to one by introducing the substitution
yn = xn/√a. This transforms Eq. (1) into
yn+1 = 1+ yn yn−kyn + yn−k , n = 0, 1, 2, . . . . (2)
If k = 0, then we have the first order difference equation
yn+1 = 1+ y
2
n
2yn
, n = 0, 1, 2, . . . . (3)
Since 1 + y2n ≥ 2yn , we have yn ≥ 1 for all n ≥ 1. Furthermore, (1 + y2n)/(2yn) = (1/yn + yn)/2 ≤ yn , and so yn
decays to 1. Since a globally attractive equilibrium solution of the first order difference equation cannot be unstable
[1], y¯ is globally asymptotically stable. The cases k = 1 and k = 2 were investigated by Xianyi et al. in [2] and [3],
respectively.
In this article, we establish the global asymptotic stability of the equilibrium solution of Eq. (1) (or equivalently of
Eq. (2)) for all k ≥ 1. This generalizes the results obtained in [2,3].
2. The main result
Our main result in this note is the following theorem.
Theorem 2.1. Let k be a positive integer and suppose that a > 0. Then the equilibrium solution x¯ = √a of Eq. (1) is
globally asymptotically stable.
To prove Theorem 2.1, we need to show that the equilibrium solution x¯ = √a of Eq. (1) is locally asymptotically
stable and globally attractive [4, p. 9]. We do this in Lemmas 2.1 and 2.3, below, by establishing the counter-results
for the equilibrium solution y¯ = 1 of Eq. (2).
Lemma 2.1. The equilibrium solution y¯ of Eq. (2) is locally asymptotically stable.
Proof. This follows immediately from the fact that the linearized difference equation about y¯ = 1 has the form
wn+1 = 0 · wn + · · · + 0 · wn−k
where wn = yn − 1. 
To show that y¯ = 1 is globally attractive, we introduce the transformation zn = 1/yn . This reduces Eq. (2) into
zn+1 = zn + zn−k1+ znzn−k , n = 0, 1, 2, . . . . (4)
Furthermore,
zn+1 − 1 = − (zn − 1)(zn−k − 1)1+ znzn−k , n = 0, 1, 2, . . . (5)
and
zn+1 − zn = (1− zn)(1+ zn)zn−k1+ znzn−k , n = 0, 1, 2, . . . . (6)
These equations enable us to formulate the following conclusions.
Lemma 2.2. Let k be a positive integer and suppose that a > 0. If Z = {zn}∞n=−k is a solution of Eq. (4), then
either Z
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(i) eventually equals 1 which occurs when zn = 1 for some n ≥ 0,
(ii) is eventually less than 1 which occurs when zn, . . . , zn+k < 1 for some n ≥ −k, or
(iii) oscillates about 1 with at most k+ 1 consecutive and decreasing terms greater than 1, and at most k consecutive
and increasing terms less than 1.
Parts (ii) and (iii) are illustrated for k = 3 in the following figures. In the first case, the initial conditions were
chosen to be less than 1, and in the second one we chose the initial conditions to be bigger than 1.
Lemma 2.3. The equilibrium solution y¯ = 1 of Eq. (2) is globally attractive.
Proof. We show that a solution {yn}∞n=−k of Eq. (2) converges to 1 by showing that the corresponding solution{zn}∞n=−k of Eq. (4) converges to 1.
If zN = 1 for some N , then, by Lemma 2.2 Part (i), zn = 1 for all n ≥ N . Also, if z−k, . . . , z0 < 1, then by
Lemma 2.2 Part (ii), zn < zn+1 < 1 for all n. Thus, zn increases to 1. Thus, it remains to establish convergence for
oscillatory solutions. So let us assume that {zn}∞n=−k is an oscillatory solution of Eq. (4), and define the sets
A = {zn : n ≥ 0 and zn > 1},
B = {zn : n ≥ 0 and zn < 1}.
We claim that zn is decreasing on A and increasing on B.
If n1 and n2 are nonnegative integers such that 0 ≤ n1 < n2, then using Eq. (6)
zn2 − zn1 =
(
zn2 − zn1+1
)+ (zn1+1 − zn1)
=
(
n2−1∑
j=n1+1
z j+1 − z j
)
+ (zn1+1 − zn1)
=
(
n2−1∑
j=n1+1
(1− z j )(1+ z j )z j−k
1+ z j z j−k
)
︸ ︷︷ ︸
S
+ (zn1+1 − zn1) ,
where we adopted the convention that empty sums are set to 0.
Now, if n2 = n1+1, then monotonicity follows from Lemma 2.2 Part (iii). Therefore, we assume that n2 ≥ n1+2.
If zn1 , zn2 ∈ A and zn+1, . . . , zn2 − 1 < 1, then S ≤ 0, and so zn2 < zn1 . On the other hand, if zn1 , zn2 ∈ B and
zn+1, . . . , zn2 − 1 > 1, then S ≥ 0, and so zn2 > zn1 . This proves our claim.
In view of our claim, an oscillatory solution can have at most two limit points, namely
I = inf A and S = sup B.
To complete the proof, we need to show that I = S = 1. To this end, consider the subsequence {zni }ki=1 such that
zni < 1 and zni+1 > 1 for all i . Then, by Eq. (5), zni−k > 1 for all i . By Eq. (4), we get I = (S + I )/(1+ SI ) which
leads to the conclusion that I = S = 1. 
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3. Conclusion
It is worth mentioning that
• our global asymptotic stability result, Theorem 2.1, was established for initial conditions in the positive orthant,
i.e., {(z0, . . . , zk) : z j > 0, j = 0, . . . , k}. However, it can be, safely, extended to the following subset of the
nonnegative orthant {(z0, . . . , zk) : z j ≥ 0, z j + z j−k > 0, j = 0, . . . , k};
• also, since xn < 0 for all n whenever the initial conditions are negative, and wn = −xn satisfies Eq. (1), we
conclude that if the initial conditions are negative, then xn converges to −√a.
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